Recent efforts have shown that the dynamic properties of a wide class of liquids can be mapped onto semi-universal scaling laws and constitutive relations that are motivated by thermodynamic analyses of much simpler models. In particular, it has been found that many systems exhibit dynamics whose behavior in state space closely follows that of soft-sphere particles interacting through an inverse power repulsion. In the present work, we show that a recently-developed coarse-graining theory provides a natural way to understand how arbitrary liquids can be mapped onto effective soft-sphere models and hence how one might potentially be able to extract underlying dynamical scaling laws. The theory is based on the relative entropy, an information metric that quantifies how well a soft-sphere approximation to a liquid's multidimensional potential energy landscape performs. We show that optimization of the relative entropy not only enables one to extract effective soft sphere potentials that suggest an inherent scaling of thermodynamic and dynamic properties in temperature-density space, but that also has rather interesting connections to excess-entropy based theories of liquid dynamics. We apply the approach to a binary mixture of Lennard-Jones particles, and show that it gives effective softsphere scaling laws that well-describe the behavior of the diffusion constants. Our results suggest that the relative-entropy formalism may be useful for "perturbative" type theories of dynamics, offering a general strategy for systematically connecting complex energy landscapes to simpler reference ones with better understood dynamic behavior.
I. Introduction
The past several decades have created a striking picture of liquid-phase dynamic properties-like self-diffusivity and viscosity-as being shaped and predicted by static structural and thermodynamic quantities. 1, 2 Since the early work of Turnbull and Cohen, 3 free volume theories of liquids have interpreted dynamic coefficients in terms of the accessible space afforded by molecular packing. 2, 4, 5 Alternatively, theories expressing dynamic coefficients as unique functions of excess or configurational entropy, originating in the ideas of Rosenfeld 6,7 and
Adam & Gibbs, 8 have been found to be remarkably robust for a wide range of fluids. 2, 5, [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] A strong connection between excess entropy and pairwise structural correlations provides a link between the entropy and free volume theories. 20, 24, 25 Many other perspectives have been productive as a common framework for understanding these thermodynamic-kinetic connections.
The classic Weeks-Chandler-Anderson perturbation theory, 26 for example, has long emphasized the role of repulsive interactions in determining liquid structure, and has inspired similar questions about interpreting dynamics through effective hard-sphere models. 2 Alternatively, the energy landscape formalism, which seeks to characterize the topography of the interparticle potential energy function in high dimensional space, has also provided a natural route to understanding dynamics in terms of energy minima, saddles, and metabasins. 1, [27] [28] [29] [30] These efforts now seem to suggest the exciting possibility that one might be able to develop quantitative, predictive scaling laws and constitutive relations for transport coefficients on the basis of thermodynamic properties alone. For this purpose, it is natural to consider reduced or dimensionless dynamic parameters, such as the reduced self-diffusivity, * = ⁄ ⁄ ⁄ . Here, is the actual diffusivity, the particle number density, the particle mass, and = 1/ where is the absolute temperature. For a monatomic system or a fixed-composition mixture, * generally depends on two thermodynamic parameters (e.g., and ) in a system-specific manner. However, the efforts above have shown that in many cases the relationship either can be well-described by quasi-universal expressions where fluid-specific behavior is subsumed in thermodynamic and structural properties, or in which the number of state parameters can be reduced, for example, by an underlying dynamical similarity withinspace.
In particular, much work has shown that simple fluids often show dynamic scaling behavior that is analogous to soft-spheres. [31] [32] [33] [34] [35] [36] [37] [38] [39] [40] [41] [42] [43] [44] [45] [46] [47] The latter are systems whose pair potentials are purely repulsive and follow an inverse power law of the form ~ where is a pair separation distance and is the repulsive exponent describing the hardness of the potential. For soft spheres, all dimensionless, excess thermodynamic properties are a function of the single combined state variable = ⁄ . This scaling behavior can also be extended to show that reduced transport properties, like * , can also be expressed as a function of . 33 Simple liquidstate systems with more complicated potentials and attractions, including Lennard-Jones systems, have been found empirically to well-follow soft-sphere dynamic scaling, that is, * can be expressed as a unique function of ⁄ where now takes the role of an effective scaling exponent. The simple explanation is that repulsive interactions dominate the structure and interparticle dynamics of these liquids, which act like perturbations to a soft-sphere reference system. On the other hand, non-simple fluids like water are not able to be described in this manner because, roughly speaking, their interaction landscape differs too much from that of the soft-sphere model. 31, 33 Recently, several groups have established that soft-sphere dynamics scaling is intimately connected to correlations between instantaneous fluctuations in the potential energy and virial contribution to the pressure . [31] [32] [33] [34] [35] [36] [37] [38] [39] 48 For pure soft-spheres the correlation is perfect with = − . For other systems, the degree of correlation has been found to indicate the extent to which soft-sphere scaling will hold, and various correlation analyses have been proposed to estimate the effective exponent .
In this work, we explore a new approach to extracting effective soft-sphere scaling behavior of liquid-phase dynamics. We suggest that the potential energy landscapes of arbitrary fluids can be mapped onto effective soft-sphere landscapes in a systematic way using a recentlyintroduced coarse-graining formalism based upon the relative entropy, rel . [49] [50] [51] In broad terms, the relative entropy is an information-theoretic and thermodynamic quantity that measures the information lost upon coarse-graining. Our hypothesis has been that optimal coarse-grained (CG) models are those that minimize the relative entropy. In the present work, we develop effective soft-sphere models by minimizing the relative entropy as a function of their effective exponents and diameters, with respect to a given reference liquid. By doing so, we not only obtain well-defined exponents for putative use in dynamic scaling, but also a measure of how well the soft-sphere model mimics the original energy landscapes in the relative entropy itself.
Importantly, we show that this strategy provides a natural link between soft-sphere scaling and excess entropy theories of dynamics. To characterize the approach in detail, we apply it to a set of model Lennard-Jones mixtures.
The relative entropy has a long history in statistics as the Kullback-Leibler divergence, 52 but we recently proposed its use as the basis of potentially powerful new coarse-graining strategies. 49 The main idea is to transform reference simulations of detailed (e.g., all-atom) systems into optimal CG models by minimizing rel as a function of the CG model design and effective interactions. [49] [50] [51] 53, 54 The relative entropy is bounded below by zero and, in this perspective, better CG models admit lower values and hence lower "information loss." On the one hand, this approach offers new strategies for the typical multiscale problem of generating reduced degree-of-freedom molecular models from all-atom simulations. For example, we used this approach to construct CG models of water 49, 53 and self-assembling peptides. 54 On the other hand, the relative entropy provides a much broader context for quite different kinds of coarsegraining, including cases in which no degrees of freedom are eliminated but the underlying interactions and energy landscapes are simplified. For example, we applied relative entropy minimization to predict the failure of the mean-field treatment of the classic lattice gas, 50 and to "smooth" protein folding funnel landscapes implied by the energies of large sets of protein structures. 55 Importantly, our efforts and subsequent work by other groups have shown that the relative entropy offers a surprisingly natural and potentially "universal" coarse-graining approach. As alluded to above, it can be used to develop models of virtually any type (lattice, off-lattice, or analytical) and any interaction potential (finely-discretized, spline, Lennard-Jones, etc.) Of particular relevance to the present work, we found that the relative entropy is often an excellent predictor of the errors that CG models incur relative to their more detailed counterparts, 49, 50, 55 and in many cases it suggests how to design CG models so as to eliminate errors in arbitrary properties. 51 The relative entropy also provides a common framework for understanding the relationships between different coarse-graining methods, such as iterative Boltzmann inversion, reverse Monte Carlo, and force matching. 51 Recently, it has also become clear that rel is tightly connected to non-equilibrium thermodynamics; 56, 57 those efforts suggest that a second interpretation in the context of coarse-graining is that the relative entropy measures the work required to perturb between the CG and reference configurational ensembles. Initial efforts have also shown that relative entropy coarse-graining can be extended to finding optimal dynamic laws for CG models. 58 The main goal of the present work is to understand to what extent the relative entropy provides a useful and systematic approach to developing simple thermodynamic and dynamic scaling laws for liquids. The idea of coarse-graining arbitrary liquids into simplified soft-sphere ones can be viewed as a perturbation type of approach, but here distinctly mediated by the relative entropy. Certainly many other types of coarse-graining algorithms could be used for this purpose, but the relative entropy is arguably unique in that it provides a measure of the success of the coarse-graining itself. Moreover, as we show below, the specific form of the relative entropy leads directly to a number of intriguing relations for the structures, energies, and excess entropies of the effective soft-sphere systems that offer useful connections to existing work in liquid state dynamics. In what follows below, we first outline the basic theoretical considerations that describe relative entropy coarse-graining in this case. We then proceed to apply these to numerical simulations of a model binary Lennard-Jones liquid. Finally, we discuss the broader implications of these results and considerations for future work.
II. Theory

A) The relative entropy for coarse-graining to IPL landscapes
We use a systematic coarse-graining procedure based on the relative entropy, which for off-lattice classical systems is given by,
Here, the integral is performed over the configuration space of the detailed, "reference" model with degrees of freedom %. The distribution ℘ ref $%& gives the ensemble probability of configuration % in the reference system, while ℘ )* +$%& gives the corresponding probability in the CG ensemble of the CG version of the configuration, 0 = +$%&, which may have fewer degrees of freedom. The function + is a mapping operator that, in typical coarse-graining scenarios, lumps multiple sites in % together into center-of-mass pseudo-atoms in the CG representation. The mapping entropy map measures the logarithm of the average number of microstates from the reference system that map to the same coarse-grained microstate, i.e., it is a measure of the raw reduction in the number of degrees of freedom.
In the present work, we minimize the relative entropy as a systematic way to convert a system of Lennard-Jones (LJ) interactions into an effective soft-sphere (SS) system with the same volume, number of particles, and temperature. Though we specifically examine a reference LJ system in this study, we emphasize that the relations derived below are generally applicable to any reference fluid. In general for this kind of coarse-graining, no degrees of freedom are eliminated, and rel merely quantifies the appropriateness of a SS interaction landscape to the reference LJ system. As such, map = 0 and the mapping + becomes the identity operator. The microstate probabilities in the canonical ensemble as usual follow, According to the expansion in Eqn. (5), the variance approximation will approach the true value of the relative entropy whenever Δ is small throughout the relevant parts of LJ configuration space. One might expect this to occur either at high temperatures ( → 0) or at high densities, when LJ interactions are dominated by their repulsive potential core and hence << ≈ 56 . As the temperature is raised to very high values, both systems will appear gas-like and the relative entropy will ultimately approach a value of zero with ℘ 56 ≈ ℘ << . On the basis of a simple expansion, one might then expect that the relative entropy would grow linearly with away from this limit at = 0.
B) Conditions for relative entropy optimal IPL landscapes
The systems considered here are equimolar mixtures of two types of particles A and B.
The potential for the reference LJ system involves a variable repulsive exponent and is given by,
For convenience, we consider all interactions and positions in dimensionless form with respect to the parameters P WW and R WW . The remaining parameters are taken from the models of Coslovich and Pastore, 59 in which the two particle types have identical masses and differ only in their size: 
where P WW is the same as in the LJ case (unity in dimensionless form). On the other hand, the soft-sphere repulsive exponent and particle diameters R \ WW , R \ W , and R \ are the main subject of this investigation. That is, are there optimal values, in a relative entropy sense, that best reproduce the LJ energy landscape? In general, we might denote any one of these four parameters by ]. In the relative entropy formalism, optimal coarse models are those that minimize the value of rel with respect to these. At a minimum, one has that ^ rel^] ⁄ = 0. By way of the derivative of Eqn. (3), this "optimality condition" takes the following form,
Here, the difference between the two averages is the ensemble in which the derivative is evaluated. Generally, for an arbitrary configurational property a$%&, we make the definitions,
with a$%& =^ <<^] ⁄ in the case of Eqn. (8) . Notice here that the effect of ] appears not only in the derivatives inside the averages of Eqn. (8), but in the SS ensemble probabilities themselves that determine the average on its RHS. Thus, finding the optimal ] that satisfies this equality is in general a highly nonlinear problem.
Let us consider the specific form of these conditions for the actual parameters at hand. If ] = R \ WW , one has after some simplification of Eqn. (8) that the specific optimality condition is,
Here the subscripts on g and h indicate a restriction to A-A pairs of particles. Analogous expressions exist for the other two cases in which ] = R \ W and R \ . Each of these three conditions readily shows that the AA, AB, and BB energies evaluated using the soft-sphere potential should be the same when averaged in both the LJ and SS ensembles. Summing these three, the relative entropy-optimal soft-sphere system will then give an average total soft-sphere potential that is identical in both ensembles,
It is important to note that this is not strictly an energy-matching condition in the same spirit as
Eqn. (5) above. Here, one is not matching SS to LJ energies, but rather matching average SS energies when particles adopt configurations given by the two ensembles. In a sense, Eqn. (11) demands that the LJ ensemble is as good as the SS one for predicting the latter's own average energy. By extension, it shows that the optimal SS model has a potential energy landscape that would be explored in a similar way (i.e., similar energies) by the reference LJ microstate probabilities. One can also view Eqn. (11) in terms of pair structure relationships. It is rather trivial to see that Eqn. (10) can be expressed using the familiar liquid state integral,
where k is the system volume, j W the number of A particles, and the radial distribution functions On the other hand, minimization with respect to the soft-sphere exponent gives a distinct optimality condition,
At first look, this is more difficult to interpret in physical terms than the previous conditions.
However, one might assume that the most important contributions to the sum occur when ~R , in which case we might expand the logarithm to first order, ln R \ ⁄ ≈ R \ ⁄ − 1.
Substituting this expression into Eqn. (13) and using Eqn. (11) to eliminate the terms involving an exponent of − on both sides, leaves,
This result is particularly interesting in comparison to Eqn. (11), an equality of soft sphere energies derived from optimality with respect to the R \'s. Here, the optimal exponent approximately also ensures an equality of average energies, except for a soft-sphere system with a slightly softer repulsive exponent of − 1,
where <<, indicates an analogous soft-sphere potential as Eqn. (7) with exponent − 1. One might view this as choosing an effective exponent that imbues some flexibility in the soft sphere model, such that the average SS energies are less sensitive to its exact value. Indeed, as we find below, the effective exponents in our numerical calculations show fairly significant variations with state point. Moreover, alternative approaches to extracting soft-sphere scaling have found a range of exponents that retain the ability to collapse dynamics onto the single state variable . [31] [32] [33] 60 We discuss this in greater detail below.
C) Relation to excess entropy approaches to dynamics
The optimality conditions described above immediately enable a connection between the relative entropy and the change in excess entropy upon coarse-graining. In particular, the energy equality of Eqn. value for the soft-sphere excess entropy would indicate a reduction in its interparticle correlations. Clearly, a soft-sphere model will sacrifice accuracy in the full j-body correlations embodied in ℘ 56 because it is not able to account for attractive interactions. Relative entropy optimization specifies a specific manner by which this accuracy tradeoff will occur: it will construct optimal SS models in such a way as always to reduce the magnitude of interparticle correlations, rather than enhancing them.
The connection between rel and excess entropies in this case also suggests a relationship between the relative entropy and dynamics. Many groups have now explored the idea that relaxation times and transport coefficients like diffusivity and viscosity can be predicted on the basis of excess entropies. 2, 5, [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] These efforts trace back to earlier work by Rosenfeld 6,7 who suggested for bulk fluids that the reduced (dimensionless) diffusivity scales exponentially with the per-particle excess entropy, w ex , as, * = ⁄ ⁄ ⁄ ≈ x y exp$z y w tu / &
Here, is the number density, is the particle mass, x y is a presumed universal constant near 0.6, and z y is a constant that depends weakly on the species of interest but typically takes a value near 0.6-0.8. A related but alternative relationship was later suggested by Dzugutov, 61 using different reduction parameters,
where R is the interparticle separation distance at the first peak in the pair correlation function and Γ | is an effective Enskog collision frequency. In this approach, the constants x } ≈ 0.078
and z } = 1 are both presumed universal such that the only material-specific quantities are those entering into the calculation of R and Γ | . In any case, many recent efforts have used simulations of a variety of fluids to critically test the validity of these semi-empirical relationships. 2,5,13-23 A detailed discussion of those is outside of the scope of this work; however, one broad conclusion that can be drawn is that the exponential relationship between reduced diffusivity and excess entropy appears to describe well the behavior of many simple liquids across a fairly wide range of both temperature and density. [5] [6] [7] 21 For more complex liquids and mixtures, including network-forming systems (e.g., water), the relationships often hold well for temperature along an isochore, but a -dependent z is needed to capture the effects of density. [15] [16] [17] 23, 24, 62 Deviations from the exponential relationship of Eqn. (17) have also been found for some systems in the supercooled regime at high values of the excess entropy, with the diffusivity adopting a smaller value than would be predicted from an extrapolation from intermediate temperatues. 16, 17, 20, 22, 23 If indeed these types of scaling behaviors hold, one would expect a strong correlation between the relative entropy and the relationship between the dynamics of the LJ and effective 
The second line presumes that the exponential constants of the two systems are nearly the same, z y,<< ≈ z y,56 ≈ z y . A related expression could also be obtained on the basis of the Dzugutov scaling. Eqn. (19) shows that one might expect a systematic relationship between the value of the relative entropy and the errors due to coarse-graining in the logarithm of the diffusion constant. In previous work, we were able to show analytically that, for many thermodynamic quantities such as the heat capacity and pressure coefficient, the errors in them incurred upon coarse-graining can be predicted by and often scale linearly with rel . 50 However, to our knowledge, Eqn. (19) is the first theoretical result that establishes a similar scaling of errors in a dynamic quantity. It in fact explains some earlier observations that we made in a 2008 study where we used the relative entropy to coarse-grain a three-site model of liquid water into a single-site LJ system. 49 In that effort, we found a strong correlation for the diffusion constants as per Eqn. (19) , but at the time had no obvious explanation for its emergence. The considerations here now show that a connection between the relative entropy and errors in the diffusion constant are likely the result of both properties' intimate ties to excess entropies.
It is of particular note that, because the relative entropy is strictly positive, the coarsegrained SS diffusion constant must be the same or exceed that of the LJ system. Apparently coarse-graining the energy landscape through the relative entropy approach results in a kind of "smoothing" that enhances the dynamic exploration of configuration space. This of course is a direct consequence of the increased excess entropy of the SS system, which in turn reduces interparticle correlations and, through scaling laws like Eqns. (17) and (18), also the diffusivity.
Indeed in our earlier study for coarse-graining water into a LJ sphere, the diffusion constant increased by factors of 4 to 50, with the largest values at low temperatures and densities where tetrahedral ordering in water is most prominent. Certainly in this latter case, removal of orientational degrees of freedom and their associated dynamics provides an intuitive explanation for the enhanced diffusivity of the CG system. In the present study, however, it is encouraging that a more general effect on the dynamics of CG systems can be seen through Eqn. (19) . Even though here we have considered the specific case of coarse-graining to a soft-sphere model, it is readily shown that Eqn. (19) should hold for any set of systems that obey the following: (i)
Rosenfeld scaling reasonably applies to both the reference and CG system, and (ii) all energetic prefactors in the CG potential are optimized per Eqn. (8), which enables application of Eqn. (16) .
D) Energy-virial approach to optimal exponents
As mentioned in the introduction, there have been a number of earlier approaches to determining the optimal soft-sphere exponents for arbitrary fluid systems. Many of these stem from an analysis of pressure-energy correlations; as has been well-discussed by others, there are in fact several ways to predict an effective exponent along these lines. [31] [32] [33] [34] [35] [36] [37] [38] [39] 48 A detailed consideration of each of these is beyond the scope of this work, but here we examine one approach that considers the inherent scaling of SS properties with the reduced thermodynamic state parameter = ⁄ / . Because the excess entropy ex of soft spheres can be expressed as a unique function of , a derivative at constant ex also occurs at constant . It therefore follows that soft-spheres obey the relation,
The second line involves the application of the triple product rule and a Maxwell relation.
Expressing the heat capacity and pressure derivative in terms of canonical fluctuations, one obtains,
where gives the virial summation and we have used to designate this particular route to estimating the exponent. It is trivial to verify this result for soft-sphere systems, which have = − for any given configuration. However, the basic idea is that Eqn. Dyre and coworkers, [31] [32] [33] in which they defined a different effective, symmetrized "slope" characterizing the overall range/magnitude of fluctuations,
Clearly, this expression also returns the value for actual soft-sphere systems, although it gives distinct estimates from Eqn. (21) in other cases. In our results below, we compare the reloptimal values of with these two alternative approaches based on energy-pressure correlations.
III. Methods
We consider the equimolar binary LJ system of Coslovich and Pastore 59 as described above. The system is particularly convenient because Coslovich and Roland 60 later found effective soft-sphere dynamic scaling exponents for it, which offers a useful comparison to the present work. For that reason, we examine identical conditions as those authors. The total number of particles is j = 500, with j W = 250 and j = 250. We examine two cases for the LJ repulsive exponent, the typical = 12 version and a harder case with = 24. For each, we study the system at three pressures, in reduced form ‚ = 5, 10, 20, and over a ‚ anddependent range of temperatures between = 0.4 and 4.5.
We construct reference molecular dynamics simulations and trajectories for these systems at each state point in the following manner. We first perform constant temperature and pressure runs using a Nose-Hoover scheme for 10 T time steps. We compute the average box volume and total energy from the equilibrated portions of these runs, and use these to initialize subsequent constant jk… simulations. The latter are equilibrated for a further 10 † steps before performing a final production run of 10 ‡ steps. During the production period, diffusion constants are calculated using the Einstein relation and the mean-squared displacement for each particle type; 50 time origins are used that are each separated by 10 time steps. In addition, we record a reference trajectory by saving configurations every 500 time steps, for a total of 2 × 10 ‰ frames.
Throughout, all potentials are cut and shifted at Š = 2.5 and no long-range correction terms are used. The molecular dynamics time step is ‹OE = 0.001. 
The terms in Eqns. (23) and (24) involve only averages, but two types occur involving two ensembles and are treated differently. At any iteration, the LJ averages are computed by reprocessing configurations from the reference LJ trajectory of interest. The SS averages, on the other hand, require evaluation with a short jk MD simulation at each iteration since the SS ensemble changes with •. These "trial" MD runs involve a simulation of the current SS system for 10 † equilibration followed by 10 T production steps, using an Andersen thermostat. To reduce the computational cost, we do not actually perform a new SS simulation with each iteration; instead, we reweight a SS trajectory saved from a previous iteration using the changes in • and standard perturbation/reweighting expressions for the averages. Details are given in Ref. 54 . In all cases, the derivatives ^ << /^• and those in ' are evaluated explicitly as a part of the pair interaction loop.
The relative entropy minimization procedure for each state point typically converges within 100 iterations and about 15 hours on a 2.4 GHz Intel Xeon processor. Technically, the Newton-Raphson iterative procedure will locate a local minimum in parameter space. However, it can be shown that the second derivatives ^ rel /^R \ are always positive and thus there is only a single minimum in the subspace of effective particle diameters. We also do not find multiple minima due to different initial guess values of the exponent -all minimizations converge to the same effective exponent (within statistical error) when seeded with several different guesses.
After we have determined the optimal SS parameters at each state point, we perform a second round of MD simulations to evaluate the properties of the SS models. We use a protocol nearly identical to the one employed for the reference LJ systems. The only difference is that we do not re-compute the target system volume for each SS state point, but use directly the value originally averaged at the given pressure for the corresponding LJ system. This is to ensure that the macroscopic jk ensembles are identical for each pair of target LJ and optimized SS systems.
We also evaluate the absolute relative entropy for each coarse-graining case, that is, for each SS model after its optimal parameters have been found. This is not a quantity that is given by the rel minimization routine, which instead computes only derivatives of the relative entropy.
To determine absolute values, we use Eqn. (3) directly. The energy difference = << − 56 > 56 is readily evaluated by re-parsing the reference LJ trajectory and using the optimal SS parameters.
On the other hand, the free energy difference $: << − : 56 & requires specialized techniques. We construct a path in potential space that linearly interpolates between the LJ and SS potentials.
About 10 hybrid potentials are used that span the pure LJ to the pure SS cases. For each, 10 † equilibration and 10 T production steps are used in constant jk MD simulations with an Andersen thermostat. Production run data is then used in Bennett's algorithm 63, 64 to find optimal free energy differences between neighboring potentials; the entire free energy change along the path can thus be constructed from the sum of these differences. constant decreasing more rapidly than 1/ . In this supercooled regime, it is also more difficult to determine * to high accuracy due to the long simulation times needed to reach the diffusive regime in the mean-squared displacement, and a small but apparent scatter appears in the data in Fig. 1 . We note that these data are consistent with the results of Coslovich and Roland. 60 The reference LJ simulations are used in the relative entropy minimization procedure to determine optimal effective soft-sphere parameters separately at each state point. Figure 2 shows that there is a substantial variation in the effective exponent according to this procedure. In all cases, the value of is greater than that of the original repulsive exponent in the LJ potential, consistent with many earlier findings. 31, 33, 48, 60, 65 One interpretation is that pairs of LJ particles sitting near their potential well see a repulsive interaction that appears larger than . Dyre and coworkers 32 showed that this is possible by computing a family of ratios 56 •q / 56 • , where the superscripts give the derivative of the pair potential, an then comparing to the equivalent ratio for a soft sphere pair potential.
IV. Results and Discussion
The effective exponents vary somewhat significantly with state conditions: a range of about 10-30% with temperature for different pressures, with the most pronounced variations at the lowest ‚ = 5, and about 10% with pressure averaging over all of the temperatures. The general trend is that the exponents decrease with increasing pressure and decreasing temperature.
The effect of pressure is rather straightforward to rationalize on the basis of classic liquid state arguments like the Weeks-Chandler-Anderson theory. 26 At higher densities, the reference systems will increasingly explore the repulsive parts of the LJ interaction, behaving more as a fluid dominated by excluded volume interactions with mean-field attractions. In the limit of extremely high densities, therefore, one might expect that the effective soft-sphere exponent would asymptote to the original LJ . Fig. 2 shows that indeed decreases towards for the two cases = 12 and 24; however, even at the highest pressures here it remains about 30% higher suggesting that the attractive part of the LJ potential still plays a role in structuring the energy landscape.
The fact that the exponents increase with temperature requires a more careful interpretation. One would expect in the limit of → ∞ that only the S term in the LJ potential would become relevant and hence the effective soft-sphere exponent should decrease and trend towards . Instead, as Fig. 2 shows, the soft sphere models become harder at higher temperatures and softer at lower ones. However, one must consider that the density simultaneously decreases as the temperature is rasied and, as noted by Bailey et al., 31 the density effect is more significant on the exponent. The precise relationship between the constant pressure and density effects is,
Even if $^ ^ ⁄ & ™ is negative as one would expect, both derivatives in the final term on the RHS are negative and their net effect is larger, ultimately pushing to increase with at constant ‚. Figure 3 shows the effective exponents when viewed as a function of and (instead of ‚), and it is clear that when the density is constant, the exponents do decrease as temperature is increased. Indeed, Eqn. (5) gives an asymptotically valid expression for the relative entropy in the high temperature limit in terms of energy differences Δ between the LJ and SS systems, and it seems clear that Δ would be minimized by choosing ≈ for high-energy configurations.
It is still worthwhile to consider the behavior of as one moves deeper into the suprecooled regime. At very low temperatures, the thermal expansion coefficient shrinks in magnitude and the density effect in Eqn. (25) is reduced. However, it is difficult to discern a consistent trend because the results in Fig. 2 show that there is more scatter in the effective exponents at these low temperatures. This is due to the fact that it becomes increasingly difficult to pinpoint the relative entropy minimum with good statistical accuracy, due to the long simulations required of both the original LJ systems and the iterative SS systems during the Newton-Raphson iteration procedure.
Compared to the exponents, the effective SS particle diameters show much less variation with state conditions, as illustrated for R \ in Figure 4 . Their variance is only about 2-3%, and is slightly lower for the = 24 case. The diameters are more tightly constrained because they strongly affect the interparticle separation distances and the pair structure of the SS fluid. Unlike the exponents, they do not seem to depend much on temperature, but they tend to increase slightly with pressure. The effect seems to arise because decreases with pressure, resulting in a softer interaction, and the diameters compensate in some sense in order to develop a sufficiently repulsive core. For example, consider the distance at which the soft-sphere pair potentials reach a value of 2 , given in dimensionless units as R \ $2 & ⁄ . To excellent approximation, we find that these distances are independent of pressure at each temperature (results not shown),
showing that there is some balancing of R \ with . The SS potentials are shifted downward to show overlap with the repulsive parts of the LJ potential. As is visually evident, the SS interactions do a reasonable job of approximating the LJ potentials below their minima. However, it is important to note that this is simply a onedimensional slice of the true underlying many-body potential energy landscape. It is the latter object that is approximated by the relative entropy minimization procedure (see for example Eqn. How do the relative entropy derived exponents compare to those one would estimate on the basis of energy-virial correlation analyses? We consider both the estimates and as defined in Eqns. (21) and (22) . Here, we use without a subscript to indicate the relative entropy case. Table 1 compares average values for these different effective exponents. The estimate gives the slope that would be obtained from a cross-plot of instantaneous fluctuations in the energy and virial. As seen in Table 1 , values for are lower than by about 10-15% and show an opposite, increasing trend with pressure at constant temperature. On the other hand, the relative entropy exponents bear much closer relation to the values for , which differ by only about 2-3% and show the same behavior with pressure. is a more "global" measure of the correlations because it involves the ratio of the magnitudes of the virial and energy fluctuations.
It is also symmetric about the fluctuations in and (unlike ) and was suggested to provide a better description of correlations when viewed across multiple temperatures; 31 both points might suggest a closer relationship with the relative entropy exponents, which perform a kind of global energy landscape matching (Eqn. (5)), but merely at an intuitive level.
In principle, the relative entropy gives an insightful measure of the "fitness" of the coarse-grained soft-sphere landscape, and so it is interesting to examine its state-dependent values for the optimized models. Figure 6 shows that rel systematically decreases with both pressure and temperature. In fact along each isobar, it is nearly linear with inverse temperature and appears to extrapolate to 0 at 1/ → 0, as one might expect. Upon entering the supercooled regime, however, rel begins to increase superlinearly, an indication that the soft-sphere models become a less adequate approximation to the LJ energy landscape. The deviation from the 1/ trend occurs when the relative entropy is somewhere in the range of 0.04-0.10 per particle.
In all, however, the actual values of the relative entropy seem quite small, suggesting that the SS landscape is never unreasonable in this range of state conditions. Fig. 6 shows that rel ranges from nearly zero to about 0.3 on a per-particle basis. As mentioned in the introduction, the quantity $ rel j ⁄ & can be viewed in some sense as the non-equilibrium work 5656 associated with converting between the coarse-grained SS ensemble and the reference LJ one, which is less than in this case. Moreover, for comparison, our earlier study in which SPC/E water was coarse-grained into a LJ particle gave rise to per-particle rel values of 5.5 to 8.5 over the normal liquid range, 49 which is significantly higher but a natural result of the LJ model's inability to capture water's open, tetrahedrally coordinated structure. Figure 7 compares the true value of rel with this latter quanitity over all state conditions, and the two agree quite well. For both = 12 and 24, there is a 10-20% difference between the two at moderate to high temperatures, in each case the difference decreasing with ‚. In the supercooled regime, however, these differences grow as large as 100%, although it is difficult to decouple the failure of the variance expression from statistical errors in calculating the relative entropy at these conditions. It is clear, however, that the approximate expression makes a small but systematic overestimation towards larger values of the relative entropy.
In any case, the rough agreement in Fig. 7 over most of the state conditions shows that for the most part, relative entropy minimization finds coarse-grained SS landscapes that perform a kind of "energy matching." That is, the optimal exponents are found so as to minimize the potential energy differences between LJ and SS systems, for configurations that are weighed according to the LJ ensemble. A different "energy matching" approach was used by Coslovich and Roland, 60 who proposed that a simple estimate of could be generated by performing a direct fit of the (shifted) soft-sphere pair potentials to the corresponding LJ ones. They minimized a pair potential residual integrated over distances that spanned the first peaks in the pair correlation functions. The relative entropy "energy matching" is distinct from these results in two major respects. First, it fits energies due to the full j particle interactions, rather than merely the pair ones, and thus does not require specification of a range of relevant distances.
Second, it weighs configurations by their Boltzmann populations in the reference LJ ensemble, and as a result, can manifest substantial state-dependencies of the effective SS parameters.
We now turn to the implications of the SS exponents for the scaling of the LJ reduced diffusivities. Indeed, the utility of coarse-graining to a soft-sphere system is that its reduced thermodynamic and dynamic quantities can be expressed as a function of the single combined state parameter = ⁄ . Do the relative entropy derived exponents provide a suitable description of temperature-density scaling of dynamics for the original LJ systems? Figure 8 suggests that in fact they do, with the collapse of data at multiple pressures onto a master curve of * versus . The collapse shows excellent agreement for low and intermediate values of Because the effective exponents are state-dependent, we must also discuss how the parameter is precisely defined. In Fig. 8 , we use for the average value of over all conditions (see Table 1 ). An alternative approach would be to use the state-dependent to determine a more complicated form of the reduced state parameter, › = $™,š& ⁄ . This deteriorates the collapse considerably (detailed results not shown), but it is not terribly surprising. For one, there are significant fluctuations in in the supercooled regime where it is difficult to achieve high statistical accuracy in the rel minimization scheme. More importantly, a soft-sphere system with a state-dependent potential (implied by variable ) would lead to thermodynamic inconsistencies and formally prevent a rigorous one-parameter scaling of properties. So, even if the variations in are informative for understanding how the LJ systems map onto coarse SS landscapes, one must ultimately identify an appropriate average value to render useful the one-parameter scaling. Fortunately, as noted before by others, 48, 60, 66 there is some flexibility in picking an effective scaling exponent, and quite reasonable collapses of the kind in Fig. 8 still occur for variations in even up to 20%.
We finally consider to the connection between the relative entropy and excess-entropy theories of liquid dynamics. As shown in Eqn. (19) , the minimized relative entropy should reflect the difference in excess entropies of the reference and CG landscapes and, under
Rosenfeld-like scaling approximations, should therefore also have a relationship to coarsegraining errors in the diffusivities. Here, the error is measured by ln ,<< * ,56 * ⁄ where the quantities stem from each LJ system and its rel -optimized SS version. Figure 9 shows the error as a function of rel , and there are clearly two regimes. At the low relative entropy values that occur at higher temperatures and pressures, the error is very close to zero and only slightly increases linearly with rel . We find qualitative agreement with Eqn. (19) , but estimate values of the constant z y near to 3 for both values of . This is quite a bit larger than the value of 0.8 that has typically been found for simple liquids for Rosenfeld scaling. The second regime observed in Fig. 9 is for the cases in which rel > 20 for = 12 and rel > 50 for = 24. Here, the errors in the diffusion constants increase much more rapidly with rel . The data are too noisy to establish a definitive trend or collapse, but it is interesting to note that the SS systems are systematically too diffusive (i.e., the error is always positive). This is what one would expect if dynamics were at least qualitatively controlled by excess entropies in a monotonic and similar fashion for both systems, since the relative entropy measures their excess entropy difference and must always be positive.
Given that Rosenfeld-like scaling has been well-studied for simple liquids, it may seem unusual that Fig. 9 does not show a more clean collapse. One problem may be that the Rosenfeld excess entropy scaling coefficients for the LJ and SS systems (z y,56 and z y,<< ) are not quite equal, which was assumed in Eqn. (19) . Another possibility is that Rosenfeld scaling may only be correct along an isochore, i.e., one might require a density-dependent value of the constant z y as has been found for several systems before. [15] [16] [17] 23, 24, 62 In the present study, the densities vary as much as 15% along an isobar, which may contribute to density-induced variations in the relationship. A final possibility is that the original form of the Rosenfeld scaling law involving an exponential of the excess entropy only applies over a limited range of temperatures. Indeed for several liquids as they enter the supercooled regime, deviations from the exponential relationship of Eqn. (17) are observed with the diffusion constant decreasing more rapidly than would be suggested by the behavior of the excess entropy at modest temperatures. 16, 17, 20, 22, 23 Because the exponential scaling is required to in this case to make the connection between the diffusion errors and rel , the relationship implied by Eqn. (19) would then be expected to break down. This failure likely underlies the second regime shown in Fig. 9 .
Rather unexpectedly, however, we find a fairly strong relationship between the LJ diffusion coefficients themselves and the relative entropy. Figure 10 shows that ln ,56 * scales quite linearly with rel for high to moderate temperatures. At present, we do not have a complete theoretical explanation for this result. It does not seem to be a direct consequence of Rosenfeld scaling: even though the LJ excess entropies contribute to rel (Eqn. (16)), there are still nonzero contributions from the SS ones. Moreover, the slopes of the correlations would imply an unusually large scaling coefficient z y . It may be that the relative entropy happens to be strongly correlated with the LJ excess entropies, but a detailed examination would need to explicitly calculate the latter using a more extensive set of free energy calculations than we pursued here.
We leave a full investigation for future work.
V. Conclusions
Perturbation theories have a long history in the statistical mechanics of liquids, and in this work, we explored a new approach of this sort that appears promising for predicting both static and dynamic properties. Specifically, we developed a systematic coarse-graining approach, based on the relative entropy, that extracts effective soft-sphere models for reproducing the energy landscapes of arbitrary reference liquids. In turn, the effective soft-sphere exponents derived from this procedure provide a mechanism to generate combined temperature-density scaling laws for the diffusivity, and potentially also, other dynamic quantities. The relative entropy strategy involves the minimization of a configuration-space functional that compares the ensemble probabilities of the reference to a putative soft-sphere fluid. In a probabilistic sense, relative entropy minimization finds soft-sphere models that retain the maximum information embedded in the reference ensemble, and thus offers a useful comparison with other strategies that develop soft-sphere (or other coarse-grained) models on the basis of matching selected properties or correlations.
Importantly, we found a host of rather interesting relationships between the relative entropy and ideas from other theories of liquid state dynamics, namely those based on energy landscape theory, excess entropies, and energy-virial correlations. In particular, we have shown that the relative entropy approximately gives a Boltzmann-weighted but global measure of the differences in the soft-sphere and reference potential energy landscapes. We also showed that it characterizes the associated excess entropy difference, and if diffusivities follow a simple
Rosenfeld scaling law, the relative entropy then also measures the errors incurred in these due to coarse-graining to a soft-sphere model. In that sense, minimization of the relative entropy should be closely tied to the generation of coarse liquid models that preserve not only thermodynamic by dynamic properties.
Our numerical tests on a model Lennard-Jones mixture demonstrate that the relative entropy strategy is able to extract soft-sphere scaling exponents that successfully collapse selfdiffusivities onto a master curve as a function of a single reduced state parameter. Moreover, the behavior of the relative entropy signifies that the soft-sphere landscapes become increasingly appropriate approximations at high temperatures and densities, as one would expect. These results are consistent with but formally distinct with earlier work from a number of groups that examined energy-virial correlations. [31] [32] [33] [34] [35] [36] [37] [38] [39] 48 We also find some consistency between our calculations and excess entropy approaches to dynamics, but the agreement appears to be limited to temperatures above the supercooled regime.
This study naturally leads to a number of questions for future investigation. For example, it would be interesting to examine the behavior of this approach for liquids like water that are known not to follow soft-sphere scaling. In those cases, does the relative entropy signal this breakdown, i.e., is there a critical value of it that indicates the failure of the soft sphere model?
Or does it suggest scaling exponents that are distinct from the energy-virial analysis and that better mitigate the breakdown? A second line of thought concerns the generality of the relative entropy approach. On the basis of the theoretical connections described above, one possibility is that the relative entropy may lead to a more flexible and integrated strategy for "perturbative" theories of dynamics. While in the present work we exclusively coarse-grained to soft-sphere systems, in general one could imagine mapping a system to any reference fluid model that offers simplified dynamic scaling laws or constitutive relations for transport properties. Because the relative entropy approach can consider any arbitrary reference, one could imagine a scenario in which several putative models are available for different classes of fluids, and the best model could automatically be selected as the one that minimized the relative entropy. In a similar spirit, the relative entropy may be useful in characterizing fundamental topographical differences in the underlying energy landscapes of fluids that give rise to distinct dynamic behavior. For each of the = 12 and 24 cases, the soft-sphere potentials shown represent an average potential at the pressure ‚ = 10; that is, the optimal exponents and diameters have been averaged over the range of temperatures studied at this pressure. 
